A theoretical expression is developed for femtosecond coherent anti-Stokes Raman scattering ͑CARS͒ to quantitatively account for the vibrational line shape in the presence of nonresonant signal. The contributions of the resonant and nonresonant components are extracted from the emitted signal line shape as a function of Stokes wavelength and as a function of the temporal overlap of the two pump pulses ͑for spectrally resolved femtosecond CARS͒. The theory is compared to the measured spectra of the oxygen vibrational transition ⌬G 01 = 1556.4 cm −1 for temporal detunings of 0 and 700 fs.
The interaction of intense femtosecond duration electromagnetic radiation and matter leads to highly nonlinear processes. 1, 2 One such process is the coherent anti-Stokes Raman scattering ͑CARS͒ transition where a pump ͑ P ͒ and a Stokes ͑ S ͒ photon coherently populate a vibrational level ͑⍀͒, and a second pump photon undergoes anti-Stokes Raman scattering with this level to produce the CARS ͑ CARS ͒ photon ͑where CARS = P + P − S ͒. The line shape of the CARS spectrum ͑a plot of the CARS intensity versus S ͒ has been considered in detail by Bloembergen and co-workers 3, 4 when the laser linewidth ͑␦ las ͒ is narrow in comparison with the bandwidth of the investigated transition ͑␦ ⍀ ͒, that is, ␦ las Ͻ ␦ ⍀ . In this case, the measured line shape is asymmetric because of interference between the electronic polarization due to the resonant and nonresonant third order susceptibilities. When ultrashort laser pulses are used to drive the CARS process, a continuum of additional interfering paths contribute to the line shape because ␦ las is typically much larger than ␦ ⍀ . Coherent manipulation of this continuum has been considered in an elegant series of papers by Silberberg and co-workers [5] [6] [7] [8] to manipulate the resonant and nonresonant contributions through phase or polarization shaping of one of the excitation beams. Here, we consider the contribution of all three excitation beams to the femtosecond CARS process ͑in both temporal and frequency spaces͒ and present the line shape function for the CARS spectrum resulting from the continuum of interferences between the broad band pump and Stokes pulses. We also show that the nonresonant signal can be extinguished at sufficient time delay to provide an undistorted CARS spectrum.
The use of femtosecond lasers to induce the CARS transition has been investigated to provide multiplex signals when more than one vibrational transition is contained within the bandwidth of pump and Stokes pulses. [7] [8] [9] [10] [11] [12] To date, typically, the Stokes beam has a wide bandwidth and the pump beams are narrow-band picosecond pulses ͑the line shape has been worked out for such a configuration͒. 9 Femtosecond CARS is also under investigation as a means to perform rapid chemical detection, 13 biological imaging, 6, 14, 15 and gas phase characterization. 16 When all three beams are of femtosecond duration, there is an opportunity to probe events on the femtosecond timescale. In each of these experiments, an expression for the line shape is essential for deconvoluting the resonant from nonresonant signal. To incorporate multipath Raman processes inherent in femtosecond CARS into the analysis of the line shape, we need the sum over all paths contributing to a particular CARS emission frequency.
Since the approximately nanosecond lifetime of the excited states is much longer than the ϳ100 fs duration of the pulses employed, one can forgo the density matrix formalism and obtain higher-order polarizabilities directly from the time-dependent Schrödinger equation. 17 In particular, the third-order polarizability pertinent to the CARS process is given by the following general expression ͑all three participating waves are linearly polarized along the same directions͒: 
͑1͒
In this expression, ig are the transition frequencies between the ground energy level and the three excited energy levels involved, i = n , m , l; ប / ⌫ ig are the corresponding lifetimes; gn are the matrix elements between these states. In the sum over all possible combinations of the intermediate levels in Eq. ͑1͒, we explicitly separate the CARS resonance contribution,
and the nonresonant contribution of all other ͑distant͒ energy levels participating via virtual transitions,
͑3͒
Here, E p1 ͑͒, E S ͑͒, and E p2 ͑͒ are the pump, Stokes, and probe pulses, respectively. We further assume that all three pulses are transform limited and that the spectral shapes of the pump and probe pulses are identical,
Within the experimentally justified assumption, ⌫Ӷ R , this results in the following analytical expression for the CARS signal intensity at zero delay between the pump and the Stokes pulses as a function of detunings and spectral bandwidths:
where the parameters A and B are constants that represent the resonant and nonresonant contributions to the polarization, respectively, ⌬ C = ͑ CARS + S −2 P ͒ / ͱ and ⌬ S = ͑ S + ⍀ − P ͒ / ͱ represent the normalized CARS frequency and the normalized Stokes detuning, respectively, and the parameters and ␣ are given by the pump and Stokes linewidths:
From the experimental point of view, Eq. ͑5͒ gives either the spectrally resolved CARS signal at fixed Stokes detuning ⌬ S or the dependence of the CARS signal intensity on Stokes detuning at fixed CARS . The details of the derivation and temporal dependence will be given in a forthcoming publication.
To perform the femtosecond CARS experiment, transform limited pulses centered at 800 nm were generated using a Ti:sapphire regenerative amplifier with a pulse duration of 50 fs and a repetition rate of 1 kHz. 1 mJ of the amplified beam was used to pump an optical parametrical amplifier ͑OPA͒. The remaining 1.5 mJ was passed through a narrowband optical filter and split 50/ 50 to create two 425 fs pump pulses with ប P = 1.55 eV. The Stokes beam ͑140 fs͒ was generated using a Beta-BaB 2 O 4 crystal for second harmonic generation, doubling the fundamental of the idler from the OPA. The OPA idler wavelength was varied to provide all the necessary Stokes photon energies used in generating the CARS spectrum. The pump beam and the Stokes beam were set to traverse optical delay lines equalizing the optical paths of all three beams to reach temporal overlap. The beams were polarized in the horizontal plane. An achromatic lens was used to direct the three excitation beams into an optical chamber. Pure oxygen at room temperature and atmospheric pressure was used as a gas sample. The fundamental vibrational transition for oxygen occurs at ⌬G 01 = 1556.4 cm −1 , 18 in this case, ប⍀ = 0.193 eV and ប res = 1.357 eV. The beams were arranged in a folded-BOXCARS geometry, 18 giving complete spatial separation of the emitted CARS signal. After collimation, the CARS beam was sent to the monochromator and detected by a photomultiplier tube ͑PMT͒. To reduce the contribution from scattered light, the PMT output signal was measured using a lock-in amplifier. The Stokes beam was chopped with a frequency of 10 Hz.
To begin the construction of the femtosecond CARS spectrum, we show the spectrally resolved femtosecond CARS signals ͑ CARS spectra͒ at several Stokes detunings for the oxygen vibrational mode ⌬G 01 = 1556.4 cm −1 for S Ͻ res and S Ͼ res ͑where res = P − ⍀͒ in Figs. 1͑a͒ and  1͑b͒ , respectively. The vertical dashed line corresponds to the resonant CARS photon energy ប CARS =2ប P − ប res = 1.743 eV. The magnitude of this peak cannot be taken as the magnitude of the CARS signal at the corresponding Raman shift due to a significant contribution from the nonresonant feature in each spectrum. The nonresonant component alters the resonant feature in both position and magnitude as a result of complex interferences and thus contributes differently from spectrum to spectrum. Figures 1͑a͒ and 1͑b͒ reveal significant differences between nonresonant excitation when S Ͻ res and when S Ͼ res . For S Ͼ res ͓Fig. 1͑b͔͒, the shoulder corresponding to the nonresonant peak exists in all spectra independent of the value of the difference S − res . A phase shift occurs in the resonant signal as it passes through resonance. Thus, when S Ͼ res , the resonant and nonresonant signals are in phase and constructively interfere. When S Ͻ res , the resonant and nonresonant signals are out of phase and destructively interfere. The contribution to the line shape from O and S branches is minimal. While the O and S branches ͑⌬J = Ϯ 2͒ are active rovibrational Raman branches in O 2 , the convolution of these states with the femtosecond pulses is dominated by the high density of states around the Q branch ͑⌬J =0͒.
According to the existing approach, 3 the nonresonant contribution should not depend on the Stokes detuning. However, in our experiment we see a significant decrease of nonresonant contribution with increasing both positive and negative detuning. This effect is due to the phase mismatch in the CARS signal that increases as S deviates from the value res that corresponds to the angular experimental setup providing perfect phase match. The angles of the beams in the femtosecond BOXCARS experiment are fixed; thus, there is a phase mismatch due to the appreciable detuning, S − res . In a simplified approach, 19 the overall CARS output signal is corrected by the factor
where D is the distance between the two pump beams on the focusing lens, d is the FWHM of the beam profile ͑assuming that all three beams have the same Gaussian profile͒, g = res / ͑2 P − res ͒, and ␤ ϳ 1 is a geometric factor reflecting the distribution of focusing angles over the cross section of an incident beam. The experimentally measured CARS signal intensity can then be expressed as Figure 2 reveals the predictions of Eq. ͑7͒ for the detuning measurements shown in Fig. 1 . Only two fitting parameters were used to generate the whole set of curves in Fig. 2 : A and B, representing the resonant and nonresonant contributions. The remaining parameters were taken from the experiment. Both the qualitative and quantitative trends in the measurements are captured in the theoretically predicted spectra.
The virtual states responsible for the nonresonant signals have a much shorter lifetime than the vibrational eigenstate populated during the resonant CARS process. Thus, the nonresonant background can be effectively suppressed by delaying the second pump pulse. Figure 3 shows the CARS spectra taken at different delay times between the two pump pulses 12 measured at ប S = 1.393 eV, a photon energy nearly 35 meV below the resonance ͑ S − res = 35 meV͒, where the resonant/nonresonant interaction is most easily seen. Note that "negative delay" in this experiment is deemed the case when P2 arrives earlier than P1 / S pulses that prepare the coherence between the ground and first vibrational states ͓see The CARS spectra predicted using Eq. ͑3͒ for the S detunings presented in Fig. 1 . ͑a͒ S Ͻ res and ͑b͒ S Ͼ res . The spectra are shifted for clarity.
inset in Fig. 3͑a͔͒ . Consequently, "positive delay" occurs when P2 arrives later than the P1 / S pulses ͓see inset in Fig. 3͑b͔͒ . The spectra shown in Fig. 3͑a͒ correspond to negative delay and the spectra shown in Fig. 3͑b͒ correspond to positive delay. For negative delays, the magnitude of the resonant signal becomes negligible at ͉ 12 ͉ Ͼ 600 fs. For positive delays, the resonant signal maintains a significant magnitude up to several picoseconds. The population detected in the real state at negative delay depends only on the time overlap of P2 and S ͑or P1 ͒. At large negative delay, the real state has no population, while at large positive delay, the population depends on the lifetime and the dephasing time of the real state, which is observed to be 3.4 ps in this experiment. Thus, starting from some positive delay ͑near 12 = 500 fs͒, the signal strength of the real state depends exponentially on delay. The lifetime of the virtual state is so short that the nonresonant signal depends only on the time overlap of P1 and P2 and thus decreases much more rapidly with positive delay than the real signal. Vibrational and rotational lifetimes are much longer ͑picosecond to nanoseconds͒ and do not contribute to the "nonresonant" line shape observed above and below the resonance line measured here. At sufficient positive delay, where no appreciable temporal overlap between P1 and P2 remains, only the resonant component will contribute to the CARS signal, and the magnitude of this signal can be used directly to construct the CARS spectrum of the real vibrational transition. Figure 4 displays the measured CARS spectra of the oxygen vibrational mode at ⌬G 01 = 1556.4 cm −1 taken at 12 = 700 fs ͑squares͒ and at 12 =0 fs ͑circles͒. These CARS spectra were constructed from the integrated signal under each measured CARS spectrum for selected Stokes detuning S , as shown in Fig. 2 , for example. The CARS spectra in Fig. 4 are normalized. The full width at half maximum of the 12 = 0 CARS spectrum ͑FWHM= 365 cm −1 ͒ is larger and the shape is distorted in comparison with the CARS spectrum recorded at 12 = 700 fs ͑FWHM= 300 cm −1 ͒. Broadening in the 12 = 0 spectrum is predominantly skewed to the lowenergy end of the spectrum. This shoulder corresponds to the constructive interference between the resonant and nonresonant signals when S Ͼ res . The high-energy end of the CARS spectrum is distorted due to the destructive interference between the resonant and nonresonant signals at S Ͻ res . The magnitude of the shift in frequency has been previously identified in nanosecond CARS experiments as being due to the interference between the resonant and nonresonant signals and provides a quantitative measure of the nonresonant susceptibility nonres ͑3͒ .
Equation ͑7͒ can be used to generate the predicted CARS spectra shown in Fig. 4 for the case of 12 =0 ͑dashed line͒ and for 12 ӷ virtual state ͑solid line͒. The theoretical CARS spectra were generated in much the same way as the experimental spectra. First, I measured ͑ CARS , S ͒ spectra were generated using Eq. ͑7͒ as a function of Stokes detuning, as shown, for example, in Fig. 2 . These spectra were then integrated and plotted as a function of Stokes detuning to give the theoretical CARS spectra. The predicted CARS spectrum for 12 = 0 is shown as the dashed line in Fig. 4 . Although the form of the femtosecond CARS expression shown in Eq. ͑7͒ does not explicitly have a time dependence, we can approximate long time delays by setting B =0 ͑while keeping the value of A the same as that used for curves in Fig. 2͒ . This is a reasonable approximation given the spectral response shown in Fig. 3͑b͒ for 12 = 594 fs and larger. At this ͑and larger͒ time delays, nonresonant signal is not observed. The predicted CARS response when the nonresonant contribution is eliminated ͑using a temporal delay͒ is shown as the solid line in Fig. 4 . The correspondence between theory and experiment for both the 12 = 0 and the 12 = 700 fs delays suggests that the expression shown in Eq. ͑7͒ captures the essential physics of the femtosecond CARS process. An analytic expression for three beam femtosecond BOXCARS has been shown to be in agreement with measured spectra for O 2 . The line shape for resonant and nonresonant features is now calculable with phase matching considerations and can then be accounted for in the expanding number of multiplex CARS measurements. This line shape analysis becomes very important for quantitative analysis when multiple overlapping lines are present in a femtosecond CARS spectrum. Finally, we have shown that the nonresonant signal can be completely eliminated using suitable pulse timing.
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